Introduction
Turaev and Viro [TV] defined a complex-valued topological invariant of closed 3-manifolds based on triangulations of manifolds using initial data derived from the quantum group U q (sl(2, C)) at certain roots of unity. Furthermore, they extended the definition of their invariant to an invariant for compact 3-manifolds (possibly with a boundary) and showed that the extended invariant gives rise to a functor satisfying an axiom for (2 + 1)-dimensional topological quantum field theory [A] . Their approach was generalized by Ocneanu [O] (see [EK] for a precise definition and [DJN] for an abstract setting). He defined a Turaev-Viro type invariant of closed 3-manifolds and a functor satisfying an axiom for (2 + 1)-dimensional topological quantum field theory by using a subfactor with finite index and finite depth. The subfactors with finite index and finite depth are classified by Coxeter graphs. In the case of the A k+1 -subfactor, it is known the Turaev-Viro-Ocneanu invariant coincides with the SU (2) level k Turaev-Viro invariant. In other cases, the Turaev-Viro-Ocneanu invariant has not been investigated with regard to its properties, relationship with other invariants of 3-manifolds, and so on. In the case of the E 6 -subfactor, a concrete description of the initial data that is needed to define the Turaev-Viro-Ocneanu invariant is given by Izumi [Iz1] by means of the sector theory for C * -algebras.
In this paper we study the Turaev-Viro-Ocneanu invariant in the case of the E 6 -subfactor using initial data given by Izumi and find a Verlinde basis (see Theorem 3.6) associated with the Turaev-Viro-Ocneanu topological quantum field theory (see Section 3 for a definition of the Verlinde basis). Furthermore, we show that the invariant is able to take values other than real numbers by calculating the invariant for lens spaces, which distinguishes orientations for manifolds (see Corollary 4.3). This result is very interesting since the Turaev-Viro invariant cannot distinguish orientations for manifolds and the invariant for an orientable closed 3-manifold is a real number, the square of the absolute value of the Reshetikhin-Turaev invariant [T] . This paper is organized as follows. In Section 2 we reformulate the definition of the Turaev-Viro-Ocneanu invariant of 3-manifolds in terms of sectors in the case of the E 6 -subfactor (see [O] or [EK] ). We also construct a functor which satisfies an axiom for topological quantum field theory by means of Turaev and Viro's method. In Section 3 we concretely calculate the representation of the mapping class group of the torus associated with the Turaev-Viro-Ocneanu topological quantum field theory and find a Verlinde basis (see Theorem 3.6). In Section 4 we apply results from Section 3 to calculate the invariant for lens spaces (see Lemma 4.2) and the dimension formula (see Lemma 4.4) of the corresponding Hilbert spaces for closed oriented surfaces via the Turaev-Viro-Ocneanu topological quantum field theory.
Definition of the Turaev-Viro-Ocneanu invariant of 3-manifolds in the case of the E 6 -subfactor
This section reformulates the definition of the Turaev-Viro-Ocneanu invariant of 3-manifolds in terms of sectors in the case of the E 6 -subfactor (see [O] or [EK] ) and constructs a covariant functor that satisfies the axiom of (2 + 1)-dimensional topological quantum field theory offered by Atiyah [A] (see also [FSS] ). For more general cases, see [DJN] and [EK] . The initial data needed to define the Turaev-ViroOcneanu invariant consist of the fusion rule algebra, intertwiner spaces and quantum 6j -symbols. The E 6 -subfactor N ⊂ M is a subfactor with finite index and finite depth whose principal graph is given in Figure 1 . Using only the even vertices of the principal graph yields the multiplication rules of the algebra generated by the bimodule M and N with a relative tensor product. This leads us to the definition of the fusion rule algebra of the E 6 -subfactor.
Definition 2.1. (Fusion rule algebra) By the fusion rule algebra of the E 6 -subfactor we mean an algebra over C with basis {id, α, ρ} such that multiplication is given by the following table:
By means of the sector theory for C * -algebras, Izumi [Iz1] gave a concrete description of intertwiner spaces and explicitly of the quantum 6j -symbols of the E 6 -subfactor. We briefly describe these data.
Let M be a C * -algebra generated by S 1 , S 2 , S 3 , S 4 such that
Here δ ij is Kronecker's delta and 1 is the identity element in M.
For a, b, c ∈ {id, α, ρ} we define the non-negative integer n The fusion rule algebra of the E 6 -subfactor acts on M as follows [Iz1] :
by the following coloured tetrahedron:
This complex number is called a quantum 6j -symbol. The quantum 6j -symbol is invariant under a rotation and is complex conjugate under a reflection on the tetrahedron since it is normalized by 1/ √ µ i µ j [Iz2] .
Examples.
S S
To define the Turaev-Viro-Ocneanu invariant of 3-manifolds using these initial data we need terminology from combinatorial topology.
By an ordered complex we mean a simplicial complex such that the set of the vertices is ordered. Two ordered complexes K and L are called isomorphic if there exists an isomorphism from K to L as a simplicial map that preserves the given orders of the vertices of K and L. By a closed oriented surface together with an ordered complex we mean the pair ( , K) of a closed oriented surface and an ordered complex K such that |K| = , where we denote the polyhedron of K by |K|.
Definition 2.2. Let K be an ordered complex.
By an edge-colour of K we mean a map ξ : {the
By a face-colour of K associated to ξ we mean a map ψ : {the 2-simplices of
We call the pair (ξ, ψ) of an edge-colour ξ of K and a face-colour ψ associated to ξ a colour of K.
Let
be a closed oriented surface together with an ordered complex K. We denote by V ( ; K) the vector space freely spanned over C by the colours (ξ, ψ) of
For each isomorphism f :
We introduce the concept of simplicial ordered cobordism.
Definition 2.3. Let M be a compact oriented 3-manifold whose boundary ∂M is a polyhedron. Let i be a closed oriented surface together with an ordered complex
is called a simplicial ordered cobordism if the following two conditions are satisfied:
(1) 1 ∩ 2 = φ, 1 ∪ 2 = ∂M; and (2) the orientations for 1 and M are not compatible, while the orientations for 2 and M are. Two simplicial ordered cobordisms
if the orientations of M and σ are compatible,
where the symbolz denotes the complex conjugation of z, and the orientation for σ is given by the order
Let (ξ i , ψ i ) be a colour of K i for i = 1, 2. Then we set
is the number of the vertices of K 1 ∪ K 2 , and the product on e i is over all edges of K i , the product on E is over all edges of T − K 1 ∪ K 2 , the product on σ is over all tetrahedra of T and the summation on (λ, ϕ) is over the colours of T such that λ| {the edges of K i } = ξ i and ϕ| {the faces of
We define a linear map W :
Then we obtain the following theorem by showing the invariance of
For a proof of Theorem 2.4, see [DJN] , [EK, Chapter 12] , [S] or [M] .
In the same manner as in Turaev and Viro's paper [TV] we have a functor Z that satisfies the axiom of (simplicial) topological quantum field theory as posed by Atiyah [A] . We now describe the method of constructing such a functor Z.
Let W = (M; K 1 , K 2 ) be a simplicial ordered cobordism. By cutting M along a closed oriented surface ⊂ Int M with an ordered complex K we create two simplicial ordered cobordisms 
where − is the closed surface with the opposite orientation for and Z( ; K) * is the dual vector space of Z( ; K).
The natural isomorphism in 2.5(3) is given as follows [TV] . Let us consider the
is a linear isomorphism from 2.5(1) and 2.5(2) since there exists an ordered triangulation T of × [0, 1] such that K × 0 and L × 1 are ordered sub-complexes of T .
Let i be a closed oriented surface together with an ordered complex K i for i = 1, 2. Let f : 1 −→ 2 be an orientation-preserving PL-homeomorphism. There exists a refinement K i of K i (i = 1, 2) such that f is an isomorphism from K 1 to K 2 as ordered complexes. From the linear isomorphism (f ) :
we define a linear map
This linear map f # induces the linear isomorphism
LEMMA 2.6. The function Z from orientation-preserving PL-homeomorphisms between closed oriented surfaces together with ordered complexes to C-linear isomorphisms satisfies the following: Remark 2.8. The C-vector space Z( ; K) becomes a Hilbert space with respect to the inner product induced from the Hermitian form on V ( ; K), which is defined by
and (ξ 1 , ψ 1 ) of K. This above Z with these inner products also satisfies the axiom for unitary topological quantum field theory [T] .
Representation of the modular group SL 2 (Z) and Verlinde basis
In this section we describe how to calculate the 3-manifold invariant Z(M) derived from a given (2 + 1)-dimensional topological quantum field theory Z. Up to Remark 3.4 we consider a general situation apart from the (2 + 1)-dimensional topological quantum field theory constructed in the previous section.
A key point for the calculation of Z(M) is the following gluing lemma (for example, see [A] or [T] 
Let Z be a (2 + 1)-dimensional topological quantum field theory. We consider the cobordism W := (Y × S 1 ; 1 2 , 3 ), where Y is the compact oriented surface depicted in Figure 2 and i = C i × S 1 for i = 1, 2, 3. We thus have a linear map
) from the axiom for topological quantum field theory. We can easily verify that Z W gives an associative algebra structure on Z(S 1 × S 1 ). The identity element of this algebra is given by
where
We call this algebra the fusion algebra associated with the topological quantum field theory Z. By the mapping class group of an oriented closed surface we mean the group consisting of the isotopy classes of orientation-preserving homeomorphisms from to . By Proposition 2.7 we can construct a representation of the mapping class group of associated with the topological quantum field theory Z given in Section 2 [TV] .
Let us recall that the mapping class group of the torus S 1 × S 1 is isomorphic to the group SL 2 (Z) of integral 2 × 2-matrices with determinant 1, that is generated by Figure 3) . It follows that the map Z(U ) :
(4) Z(S) is presented by a unitary and symmetric matrix and Z(T ) is presented by a diagonal matrix with respect to the basis {v
for all i, where {v * j } is the dual basis to {v j }.
Remark 3.3. In general, given a fusion rule algebra, quantum 6j -symbols, and so on, we get a (2 + 1)-dimensional topological quantum field theory as described in Section 2, from which we can obtain a new fusion rule algebra as shown earlier. It is known that the new fusion rule algebra is 'the quantum double' of the original fusion rule algebra.
Remark 3.4. It is not standard for the last condition (5) to be contained in the definition of a Verlinde basis [V] . Such a condition was appeared in [W] . Under some assumptions, condition (5) /S l0 .
From now, we concretely calculate the representation of the mapping class group of torus T 2 by using the E 6 Turaev-Viro-Ocneanu invariant, and find a Verlinde basis of Hilbert space Z(T 2 ) of torus T 2 .
First, we fix ordered triangulations K, J, L of torus T 2 as in Figure 4 . We denote these coloured triangulations by
For triangulation T of surface , we denote by V ( ; T ) the complex vector space spanned by all admissible colourings of T . In our case, we have 14 admissible colourings of triangulations K, J, L of torus T 2 . Then we have 14-dimensional complex vector spaces V (T 2 ; T ) (T = K, J, L). We denote the basis of these complex vector spaces by {v
as given in Appendix A. By using the topological quantum field theory Z derived from the E 6 TuraevViro-Ocneanu invariant, we have linear maps
which correspond to elements id, S, T ∈ SL 2 (Z) of the mapping class group of torus T 2 . To compute maps id # , S # , T # , we consider triangulations KK, J K, LK of T 2 × [0, 1] depicted in Figure 5 . These triangulations yield maps
These maps are computed by the formulae in Appendix B. From Figure 6 we can see that elements id, S, T ∈ SL 2 (Z) of the mapping class group of torus T 2 act on the set of coloured triangulations as These actions induce maps
These linear maps id # , S # , T # ∈ End(V (T 2 ; K)) depend on triangulation K. To obtain maps that do not depend on triangulation K we consider Hilbert space
Thus we have the following lemma.
We identify Hilbert space Z(T 2 ) with image Im id T 2 ,K,K . We find the following Verlinde basis of Hilbert space Z(T 2 ), and a representation of the mapping class group of torus T 2 which does not depend on triangulation K. /S l0 , where N k ij is the structure constant of the fusion algebra. Remark 3.7. Recently, Izumi has also given a concrete formula for the S and T matrices for several subfactors including the E 6 -subfactor, and has calculated TuraevViro-Ocneanu-invariants for lens spaces using sector theory [Iz3, Iz4] .
THEOREM 3.6. For Hilbert space Z(T 2 ) of the topological quantum field theory derived from the E 6 Turaev-Viro-Ocneanu invariant, we have an orthonormal basis
{v 0 , v 1 , v 2 , . . . , v 9 } ⊂ Im id T 2 ,K,K ∼ = Z(T 2 )
as in Appendix C, which satisfies properties (1)-(5) of the Verlinde basis in Definition 3.2. By rewriting maps S # , T # ∈ End(V (T 2 ; K)) with this basis, we have the following unitary representation of SL
2 (Z) on Hilbert space Z(T 2 ) of torus T 2 , Z(S) = (S ij ) = 1 ω            1 d 1 1+ d d d 2 + d d d 1 + d d i( 2 + d) −d −d 0 −i(2 + d) 0 d −d d 1 −d 1 1+ d −d −d −(2 + d) d d 1 + d 1 + d −d 1 + d 1 −d −d 2 + d −d −d 1 d 0 −d −d 0 0 0 −2d 2d d d −i(2 + d) −d −d 0 i(2 + d) 0 d −d d 2 + d 0 −(2 + d) 2 + d 0 0 0 0 0 −(2 + d) d d d −d −2d d 0 d d −d d −d d −d 2d −d 0 d d −d 1 + d d 1 + d 1 d d −(2 + d) −d −d 1            , Z(T ) = diag(d i ) =            1           , where d = 1 + √ 3, ω = 6 + 2 √ 3. Moreover, Z(S) = (S ij ) satisfies the Verlinde formula N k ij = 9 l=0 S li S lj S kl
Calculation of the invariant
In this section we calculate (1) the invariant of mapping torus T X , (2) the invariant of the lens space L(p, q), and (3) the dimension of the Hilbert space Z( g ), by using the gluing formula of Lemma 3.1 and the representation of Theorem 3.6.
First, by taking the trace, we have the invariant of mapping torus T X for an element X ∈ SL 2 (Z) of the mapping class group of torus T 2 .
LEMMA 4.1. For mapping torus T X we have Z(T X ) = Tr(Z(X)).
For instance, we have invariants of mapping tori T 3 , T S , T T :
Next, by using the representation Z (S) , Z(T ), we also have the invariant of the lens space L(p, q). First we take a continued fractional expansion of p/q:
This yields
Using this formula we have the following lemma.
By using this formula we can compute the invariant of lens spaces L(p, q) for some (p, q)s as in Appendix D. For lens space L(p, i) (i = 1, 2, 3) we have the following formulae:
By the first formula, we see that invariants Z (L(p, 1) ) have period 12, and these values are as follows:
where k = 0, 1, 2, 3, . . . . We see from the table that the values of invariant Z(L(p, 1)) for p = 12k + 3, 12k + 4, 12k + 8, 12k + 9 are complex numbers, in contrast with the Turaev-Viro invariant whose value must be a real number because of the relation
If we reverse the orientation of the 3-manifold, the value of the Turaev-Viro-Ocneanu invariant becomes the complex conjugate of the value of the original one. Thus we have the following corollary. 
Finally, by the Verlinde formula in Theorem 3.6, we can compute the dimension of Hilbert space Z( g ) of closed genus g ≥ 2 surface g . We have the following dimension formula. 
By Lemma 4.4 we have generating function Acknowledgements. The authors would like to thank M. Asaeda for her explanation of the Turaev-Viro-Ocneanu invariant [M] . They also would like to express their gratitude to Professors M. Izumi and Y. Kawahigashi for their advice about the subfactor theory. They also would like to express their gratitude to Professor H. Murakami for his encouragement of this research.
The first author would like to express his gratitude to Professor T. Kohno for his helpful suggestions. This work was done when the first author was in Graduate School of Mathematical Sciences at the University of Tokyo. The first author was partially supported by Research Fellowships from the Japan Society for the Promotion of Science for Young Scientists.
The second author was partially supported by Grand-in-Aid for Encouragement of Young Scientists. L, ρ, ρ, ρ, S 4 , S 4 
